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The CP symmetry is not manifestly implemented for the local and doubler-free Ginsparg-Wilson operator in
lattice chiral gauge theory. We precisely identify where the effects of this CP breaking appear.
1. Introduction
Discovery of gauge covariant local lattice Dirac
operators [1,2], which satisfy the Ginsparg-
Wilson relation [3], paved a way to a manifestly
local and gauge invariant lattice formulation of
anomaly-free chiral gauge theories [4]{[8]. (See
also related early work in ref. [9])
It has been however pointed out that the CP
symmetry, the fundamental discrete symmetry
in chiral gauge theories, is not manifestly im-
plemented for the fermion action in this formu-
lation, using the conventional Ginsparg-Wilson
relation [10](This holds for general GW opera-
tors [11], as long as they are local and free of
species doublers [12]). We calculate the fermion
generating functional and identify where the ef-
fects of this CP breaking appear in this formula-
tion [13].
2. Formulation
In this section we calculate the fermion gener-
ating functional, which is given by
Z
fv,vg
F [U; ; ; t] =
∫




[ (x)D (x) −  (x)(x) − (x) (x)]
where (x) and (x) are source elds. First, we
introduce a one-parameter family of lattice analog






1 + t(t− 2)a2DyD; (2)
where D satises the conventional Ginsparg-













Using γ(t)5 and its conjugate, chiral projection op-











(1 γ(t)5 ): (4)
Then the chirality may be dened by 3
P
(t)
−  =  ;  P
(t)
+ =  : (5)
To dene the fermion integration measure, we
introduce an ideal basis vj and vk (which means
that the formulation has locality, smoothness and




− vj(x) = vj(x); vkP
(t)
+ (x) = vk(x); (6)








2The following analyses are valid for a more general form
of the Ginsparg-Wilson relation [13].
3For definiteness, we consider the left-handed Weyl
fermion.
4Refer to ref.[4] in further details.
2Then the integration measure is dened by







We next introduce a convenient basis fw;wg
to evaluate the fermion generating functional
Z
fv,vg
F . For two dierent choices of basis, fv; vg
and fw;wg, we have
Z
fv,vg
F [U; ; ; t] = e
iθ[U ;t]Z
fw,wg
F [U; ; ; t]:(9)
Under ξU(x; ) = aµ(x)U(x; ), the variation
of the phase is given by
ξ[U ; t] = −Lfv,vgξ [U ; t] + Lfw,wgξ [U ; t]; (10)
where the \measure term" is dened by
Lfv,vgξ [U ; t] = i
∑
j













wj(x); j  0
wj(x) = P
(t)
− wj(x); (wj ; wk) = jk: (12)
Solving the eigenvalue problem of DyD, we can
classify wj as follows,
i)j = 0; w−0α−(x)
ii)j 6= 0; 1; w−j (x)
iii)j = 1;
{
Ψ+β+(x); for t > 1
Ψ−β−(x); for t < 1
where − = 1;    ; n−; + = 1;    ; N+ and
− = 1;    ; N−. For wk, we adopt the left eigen-
functions of DDy:








where + = 1;    ; n+. Once having specied ba-
sis vectors fw;wg, it is straightforward to perform
















































N+; for t > 1
N−; for t < 1
;
and the propagator G(t) has been dened by









3. CP transformed generating functional
We adopt the standard CP transformation:
 (x) ! −W−1 T (x);  (x) !  T (x)W





where W = γ2 and x = (−xi; x4); (i = 1; 2; 3).
Let us consider the CP transformed generating
functional
ZF[UCP;−W−1T ; TW ; t] =
∫




[ (x)D(UCP) (x) (14)
+ (x)W−1T (x)− T (x)W (x)]
Now introducing the new basis vectors
v0k = (vkW
−1)T ; v0j = (−Wvj)T ;
in eq.(14), we can show that
ZF[UCP;−W−1T ; TW ; t] = ZF[U; ; ; 2− t]:
Thus the sole eect of the CP transformation is
given by the change of parameter, t! 2− t. This
change causes the exchange of Ψ+ and Ψ− and
thus N ! N , where
N =
{
N− for t > 1,
N+ for t < 1.
3In conclusion, the relation between the CP
transformed generating functional (14) and the
original generating functional (1) is written as 5
ZF[UCP;−W−1T ; TW ; t]



















From the above equation, we see that the CP
breaking in this formulation appears in three
places for the pure chiral gauge theory: (I) Dier-
ence in the overall constant phase M . (II) Dier-
ence in the overall coecient (1=a)N−N . (III) Dif-
ference in the propagator appearing in the exter-
nal fermion lines, G(t) and G(2−t). We discuss
their implications in this order: (I) and (II) may
be absorbed into a redenition of the topological
overall factor 6. (III) It seems impossible to rem-
edy G(t) 6= G(2−t)(For t = 1, γ(1)5 is singular for
a2DyD ’ 1. Therefore we cannot adopt t = 1.).
But the CP breaking for t 6= 1 is quite modest.
In particular, for the conventional choice, t = 2,
G(2−t)(x; y) = G(t)(x; y)− aγ5 1
a4
x,y;
and the breaking appears as an contact term. It is
thus expected that this breaking is safely removed
in a suitable continuum limit in the case of pure
chiral gauge theory.
4. With Yukawa couplings
To add the Yukawa coupling to the present
formulation, we introduce the right-handed Weyl





invariant under t ! 2− t [13], which means
δξθ[U ; t] = δξθ[U ; 2− t].
As a result,
θ[U ; 2− t]− θ[U ; t] = θM
where the constant θM is assigned for each topological
sector M, U 2 M .
6Note that the topological overall factor, with which the
topological sector are summed, is not fixed within this
formulation [4].
fermion and the Higgs eld. By the same argu-
ments as for the pure chiral gauge theory, for the
perturbative treatment of Yukawa couplings we
have the following result: i) When the Higgs has
no vacuum expectation value(VEV), the situation
is the same as for the pure chiral gauge theory. ii)
When the Higgs acquires VEV, a new situation
arises. The dierence in the propagator becomes
a non-local function on the lattice.
5. Discussion
In the presence of the Higgs VEV, the CP
breaking eect becomes intrinsically non-local.
This non-local breaking could be serious in the
non-perturbative treatment of the Higgs mechan-
ics. As a related issue, the denition of Majorana
fermions has certain complications in Ginsparg-
Wilson operators [14].
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